Abstract. As an analogue of a link group, we consider the Galois group of the maximal pro-p-extension of a number field with restricted ramification which is cyclotomically ramified at p, i.e, tamely ramified over the intermediate cyclotomic Z p -extension of the number field. In some basic cases, such a pro-p Galois group also has a Koch type presentation described by linking numbers and mod 2 Milnor numbers (Rédei symbols) of primes. Then the pro-2 Fox derivative yields a calculation of Iwasawa polynomials analogous to Alexander polynomials.
Introduction
Let p be a fixed prime number. We often regard the ring Z p of p-adic integers as the additive group, which is a free pro-p group of rank 1. Let k be a number field of finite degree over the rationals Q, and let P be the set of all primes of k lying over p. For an algebraic extension K/k and a finite set S of primes of k none of which are complex archimedean, we denote by K S the maximal pro-p-extension of K unramified outside primes lying over v ∈ S, and put G S (K) = Gal(K S /K). Since only pro-p-extensions over k are treated here, we assume that the absolute norm |N k/Q v| ≡ 1 (mod p) if v ∈ S \ P is a prime ideal, and that S contains no (real) archimedean primes if p = 2.
In arithmetic topology developed by Morishita et al. (cf. [32, 34] etc.), the pro-p Galois group G S (k) is an analogue of a link group π 1 (X), which is the fundamental group of the complement X of the open tubular neighborhood
K i in a rational homology 3-sphere. In some basic cases, the finitely presented pro-p group G S (k) has a Koch type presentation which is analogous to a Milnor presentation of π 1 (X). This analogy is based on regarding the decomposition group of a prime ideal v ∈ S \ P , which is isomorphic to a quotient of the local Galois group G v ≃ Z p ⋊ Z p (cf. e.g. [21] or §2.3), as an analogue of the image of π 1 (∂V K i ) ≃ Z × Z in π 1 (X). Such point of view has provided new knowledge on G S (k) and the decomposition laws of primes in k S /k (cf. [1, 8, 22, 33, 50] etc.), especially when S ∩ P = ∅. On the other hand, if P ⊂ S, k S contains the cyclotomic Z p -extension k cyc of k, which is ramified at any v ∈ P . Then analogies between Iwasawa theory and Alexander-Fox theory are also induced by regarding k cyc /k as an analogue of an infinite cyclic covering X cyc of X (cf. [14, 17, 18, 24, 48, 49] etc.), while it seems desirable that the first homology group H 1 (X cyc , Z) ≃ π 1 (X cyc ) ab could be directly seen as an analogue of G S\P (k cyc ) ab rather than G S (k cyc ) ab , where the former (resp. latter) is the unramified (resp. p-ramified) Iwasawa module if S = P . Such gap in analogy comes from the fact that the decomposition group of v ∈ S ∩ P in G S (k) tends to be isomorphic to a large quotient of the local Galois group G v which is a nonabelian free pro-p group or a Demuškin group of rank greater than 2.
The purpose of this paper is to fill such gap. Assuming S ∩ P = ∅ throughout the following, we consider the Galois group
as an analogue of a link group π 1 (X), where (k cyc ) S /k is the maximal pro-p-extension unramified outside S ∪ P and 'cyclotomically ramified' at any v ∈ P . The pro-p group G S (k) is also finitely presented, and the decomposition group of v ∈ P in G S (k) is isomorphic to a quotient of the 'cyclotomically ramified' local Galois group G cr v ≃ Z p × Z p analogous to π 1 (∂V K i ) (cf. [2, 42] or §2.3). In particular when S = ∅, (k cyc ) ∅ is the union of the p-class field towers of intermediate fields of k cyc /k, and the closed subgroup G ∅ (k cyc ) of G ∅ (k) is a central object in nonabelian Iwasawa theory of Z p -extensions [38] . Then the Iwasawa polynomial of the unramified Iwasawa module G ∅ (k cyc ) ab is certainly an analogue of the Alexander polynomial of H 1 (X cyc , Z) (cf. e.g. [24] or §4.1).
In Section 2, according to a theory of Salle et al. [2, 42] , we recall the basic formulas on the generator rank and the relation rank of G S (k), with a refinement in the case where p = 2 (Proposition 2.4 and Theorem 2.5).
In Section 3, we obtain a Koch type presentation of G S (k) in some basic cases (Theorems 3.1 and 3.2), where the relations modulo the 3rd step of the lower central series are described by linking numbers of primes. If k = Q and the archimedean prime ∞ ∈ S, the Rédei symbols appear in the relations modulo the 4th step of the Zassenhaus filtration as the mod 2 Milnor numbers (Proposition 3.6 and Corollary 3.8). In particular, we obtain a triple of Borromean primes including p = 2 (Example 3.9 and Figure 1 ). Moreover, a criterion for mildness by Labute [22] et al. yields that G S (Q) is a mild pro-p group of deficiency zero if ∞ ∈ S and S ∪ {p} forms a 'circular set' of primes (Theorem 3.11). Then the cohomological dimension cd( G S (Q)) = 2.
Finally in Section 4, we focus on the analogy between Iwasawa polynomials and Alexander polynomials. Then the Koch type presentation of G ∅ (k) induces another proof of Gold's theorem [10] (Theorem 4.2). If Q S contains a quadratic extension K/Q ramified at any v ∈ S \ {∞}, the unramified Iwasawa module X = G {∞} (K cyc ) ab (in the narrow sense) is a subquotient of G S (Q). Following a basic theory by Fröhlich and Koch, which induces a presentation of G {∞} (K) from that of G S (Q) (cf. [20, 21, 50] ), we obtain an approximation of the initial Fitting ideal of X from the Koch type presentation of G S (Q) by the pro-2 Fox free differential calculus (Theorem 4.3). In particular, for a certain family of imaginary quadratic fields K, we calculate an approximation of the quadratic Iwasawa polynomial of X, which is described by 4th power residue symbols (Theorem 4.6). An explicit presentation of G {∞} (K) = Gal((K cyc ) {∞} /K) is also calculated for a certain family of real quadratic fields K (Theorem 4.8).
Notations. For a pro-p group G, we denote by
The ith cohomology group with coefficients in
For a set Y , |Y | denotes the cardinality. For objects x and y, δ x,y = 1 if x = y, and δ x,y = 0 otherwise.
2 Generator rank and relation rank 2.1 Pro-p class field theory. For each prime v of k, we put
is the unit group of the local field k v .
The local class field theory yields that Gal(k
denotes the maximal abelian pro-p-extension of k v , and k
On the other hand, we put U v = U v = k × v for archimedean v|∞, where we note that
and v is real, and
) be the idèle p-group of k as defined in [16] , and put k × = k × ⊗ Z p ⊂ J k , where we identify k × with the image of the diagonal embedding
Théorème et définition 1.4]). We also identify k × w with k × w × v =w {1} ⊂ J k for each prime w of k. The reciprocity map in the pro-p version of global class field theory [16] is the isomorphism
is the inertia group (resp. decomposition group) of each prime v, where k ab,p is the maximal abelian pro-p-extension of k. In particular, we have
2) 
Proof. We give a proof for convenience. Put
The inertia subgroup of Gal(k ab,p /k cyc ) with respect to v is
by the following commutative diagram with exact rows:
Thus we obtain the isomorphism.
Generator rank and Kummer groups. The map k
under the isomorphism (2.3), where
B ∅ consists of a ∈ k × such that the principal ideal (a) generated by a has a factorization (a) = a p with an ideal a of k, and
There is also an exact sequence
where E k is the unit group of k, and Cl(k) is the ideal class group of k. By [42, Théorème 3.3] with the consideration of the ramification of v|∞, we have the following formula. 
Proof. We give a proof for convenience. Since 
(2.6) By (2.2) and Proposition 2.2,
where A/p denotes A/A p for an abelian pro-p group A. Since
there is an exact sequence
, we obtain the formula of Proposition 2.4 by (2.4) and (2.5).
Relation rank and the Shafarevich kernel. Let
is identified with the decomposition subgroup of G = Gal(k pro-p /k) for a fixed prime v|v of k pro-p (cf. e.g. [46, II, §6.1]), and
is also identified with the decomposition subgroup of
with the localization map loc = (
where S * = S \ {w} with an arbitrary (but suitable) w ∈ S if S = ∅ and k contains a primitive pth root ζ p of unity, and S * = S otherwise. By [42, Théorème 4.1 ] with a refinement in the case where p = 2, we obtain the following theorem. 
is satisfied, and the minimal number r S of relations of G S (k) satisfies 8) where θ = 1 if ζ p ∈ k, and θ = 0 otherwise.
Recall that we identify G v with the decomposition subgroup of G for a fixed prime v|v. Note that k
be the set of primes v ∈ P such that the inflation
On the other hand,
For v ∈ S, we have
In particular,
There is also a commutative diagram
with injective Res (cf. [21, Theorems 11.1 and 11.2]). The inflation
is injective or zero according to v ∈ P 0 or not, i.e.,
Hence
where loc ′ = (loc v ) v∈S * ∪P 0 . Since loc and φ 2 = (φ 2,v ) v ∈S have the same components
by (2.9) and (2.10).
by (2.10), and
by (2.9) and (2.11). We obtain (2.8) by combining these inequalities.
Since only finitely many primes ramify in a finite extension of k, D S ∩ U contains I v for almost all v ∈ S, where U is an arbitrary open subgroup of G. Hence continuous homomorphisms
are well-defined and surjective. Since φ ′ 1 induces φ 1 , φ 1 is injective. The snake lemma for the diagram
and (2.11) yield an injective homomorphism X 2 ( G S ) ֒→ Coker φ and that
Since H v = G v /I v is abelian and has no nontrivial torsion element, we have
of F p -vector spaces with exact rows. This induces a commutative diagram
and isomorphisms
Recall that ξ 1 is surjective, and that
by (2.1) and Proposition 2.2. Hence
by (2.4) and (2.6). We obtain (2.7) by (2.12), (2.13) and (2.14).
Several consequences are also refined when p = 2 as follows.
Proof. The inequalities are induced from Proposition 2.4 and Theorem 2.5, where we note that 
and hence
This contradicts the assumption. Therefore
Remark 2.8. All sets S with prometacyclic G S (Q cyc ) have been characterized arithmetically (cf. [15, 29, 31] ). Then G S (Q) is p-adic analytic, and actually there exists such S of cardinality |S| = 2 + δ p,2 . There are other examples of prometacyclic G S (k cyc ) for p = 2 and quadratic k/Q (cf. [26, 28, 43] and Theorem 4.8). Moreover, all imaginary quadratic fields k with prometacyclic (or abelian) G ∅ (k cyc ) have been characterized (cf. [27, 30, 37] ). There also exists p such that G ∅ (Q(ζ p ) cyc ) is abelian and not procyclic (cf. [47] ). 
with a free pro-p group F generated by {a, b, c}, and the normal subgroup R normally generated by {a
There is also a similar example for p = 2 (cf. [31, Theorem 2]).
3.1 Koch type presentation. Suppose that k = Q. We fix a primitive root α ℓ ∈ Z of each prime number ℓ ∈ S. For a pair (ℓ, ℓ ′ ) of prime numbers ℓ, ℓ ′ ∈ S ∪{p}, we define the linking number lk(ℓ, ℓ ′ ) as follows:
Theorem 3.1. Assume that k = Q and
where F = x 0 , x 1 , · · · , x d is a free pro-p group with d + 1 generators x i such that π(x i ) generates the inertia group of a prime ℓ i of (Q cyc ) S lying over ℓ i , and R = r 0 , r 1 , · · · , r d F is a normal subgroup of F normally generated by d + 1 relations r i of the form
with y i ∈ F such that π(y i ) is a Frobenius automorphism of ℓ i in G S (Q), and
On the other hand, we suppose that p = 2 and k is an imaginary quadratic field with class number
. For a pair (v, w) of prime ideals v, w ∈ S ∪ P , the linking number lk(v, w) is defined as follows: If v = w ∈ S, then lk(v, w) is an integer such that
If v = w, we put lk(v, w) = 0.
Theorem 3.2. Assume that p = 2 and k is an imaginary quadratic field with class number h k ≡ 0 (mod p), and that
where F is a free pro-p group with generators {x v } v∈S∪P such that π(x v ) generates the inertia group of a prime v of (k cyc ) S lying over v, and R is a normal subgroup of F normally generated by {r v } v∈S∪P of the form
with y v ∈ F such that π(y v ) is a Frobenius automorphism of v and
3.2 Proof of Theorems 3.1 and 3.2. Put S ′ = S \ {∞} if ∞ ∈ S, and S ′ = S otherwise. Put S * = S \ {q} if p = 2 and ∞ ∈ S, and put S * = S ′ otherwise. If k = Q, we put α p = (1 + p) −1 or α p = 5 −1 according to p = 2 or p = 2, and put β ℓ = ℓ for each prime number ℓ ∈ S ′ ∪ {p}.
′ , the finite cyclic p-group U v is generated by ι v (α v ), and
Then we obtain the following congruences in
where we note that β w ⊗ 1 ∈ k × , and that
If p = 2 and ∞ ∈ S, then k = Q, and
where we note that −1 ∈ U p (cf. Example 2.1), and that
, and hence
Proposition 2.2 implies the existence of a Frobenius element σ v ∈ G S,v and a generator τ v of procyclic I v for v ∈ S ′ ∪ P such that
Since k has no p-extensions unramified outside S \S * , the pro-p group G S is generated by {τ v } v∈S * ∪P . Since d S = |S * ∪ P | by Remark 2.3 and Proposition 2.4, G S has a minimal presentation
with a free pro-p group F generated by {x v } v∈S * ∪P such that π(x v ) = τ v . By (3.1), (3.2) and (3.3), there is an element y w ∈ F for each w ∈ S * ∪ P such that π(y w ) = σ w and
For v ∈ S * ∪ P , we put
is a Frobenius element (resp. a generator of the inertia subgroup) of H v , where R v is a normal subgroup of F v normally generated by either t
by Remark 2.3 and Theorem 2.5, the localization map
(which is induced from {ϕ v } v∈S * ∪P ) is injective, and hence R is normally generated by 
and hence the same arguments using S \ {ℓ d } instead of S * yield the existence of x ∞ and {η i } 0≤i<d such that 1 = π(x ∞ ) ∈ I ∞ = G S,∞ ≃ Z/2Z,
and R is normally generated by { x
with the reciprocity map ρ of local class field theory, which satisfies ρ(α v )(ζ) = ζ
. [11, II, Exercise 3.4.3]). Then we have π(x
v ) h k | k cyc = γ| k cyc . In particular, π(x 0 )| Q cyc = γ| Q cyc for x 0 ∈ F of Theorem 3.1.
Preliminaries for consequences.
Let G be a pro-p group. Put G 1 = G, and put
Let F = x 0 , x 1 , · · · , x d be a free pro-p group generated by
] → Z p be the augmentation map, and
] be the pro-p Fox derivative. For a multi-index I = (i 1 · · · i n ) with 0 ≤ i 1 , · · · , i n ≤ d and y ∈ F , we put
which is the coefficient of X i 1 · · · X in in the expansion of y by the pro-p Magnus isomorphismM :
[34, Proposition 8.14]). We also put ε I,p (y) = ε I (y) + pZ p ∈ F p the mod p Magnus coefficient. Suppose that F is the free pro-p group in Theorem 3.1, and let y i ∈ F be the element obtained in Theorem 3.1. Then π(y i ) is an analogue of the longitude of a component of a link, and the mod p Milnor number
Rédei symbols.
We consider the case where p = 2 and S = {ℓ 1 , · · · , ℓ d , ∞}. Put ℓ * 0 = ℓ 0 = 2, and put ℓ * i = (−1)
the elements y i in Theorem 3.1 can be written in the form
with some c iab = −c iba ∈ Z 2 , where all pairs (a, b) with 0 ≤ a < b ≤ d run in the product. Assume that there are distinct prime numbers ℓ a , ℓ b ∈ S ∪ {2} satisfying
For such ℓ a and ℓ b , the quadratic field Q( ℓ * a ℓ * b ) has a unique cyclic extension K (a,b) of degree 4 unramified outside ∞ (cf. e.g. [53] 
, and K (a,b) /Q is the Rédei extension, which is a dihedral extension of degree 8 unramified outside {ℓ a , ℓ b , ∞}. Moreover if a prime number
, and the Rédei symbol (cf. [41] ) for such triple (ℓ a , ℓ b , ℓ i ) can be defined as
The following proposition relates c iab , [ℓ a , ℓ b , ℓ i ], and the mod 2 Milnor number µ 2 (abi). Proposition 3.6. Under the settings above, we have
if (3.5) and (3.6) are satisfied.
Proof. Let
be the presentation of G S (Q) obtained in Theorem 3.1. Let N (a,b) be the minimal normal subgroup of F including {x j |j ∈ {a, b}} ∪ {x N (a,b) , and hence r a , r b ∈ F 3 N (a,b) . Since r j ∈ N (a,b) for any j ∈ {a, b}, we have R ⊂ F 3 N (a,b) . Since
is an elementary abelian 2-group of order at most 4. Since
Recall that the ramification indices of any ramified primes are 2 in the dehedral extension K (a,b) /Q of order 8 which is unramified outside {ℓ a , ℓ b , ∞}. Hence π induces an isomorphism
By (3.4) and (3.6), we have 
and ε I,2 (g −1 hh ′ g) = 0 for any g ∈ F and I ∈ {(a), (b), (ab)} if ε I,2 (h) = ε I,2 (h ′ ) = 0 for all I ∈ {(a), (b), (ab)}. Since ε I (F 3 ) = 0 (cf. e.g. [34, Proposition 8.15] ) and
b ) = 0 for any I ∈ {(a), (b), (ab)} and j ∈ {a, b}, the continuity of ε I,2 : F → F 2 yields that ε I,2 (F 3 N (a,b) 
Thus the proof of Proposition 3.6 is completed. for z ∈ Z such that z ≡ 1 (mod 8). As a special case of Theorem 3.1, we obtain the following result similar to [50, Theorem 3.12] . 
mod F (4) for each 0 ≤ i ≤ d, where F (4) denotes the 4th step of the Zassenhaus filtration of F .
Proof. Note that
[3, Theorems 11.2 and 12.9]). By (3.4), we have
with some e ij ∈ {0, 1} such that 2e ij ≡ lk(ℓ i , ℓ j ) (mod 4). Then e ii = 0 and
for j = i by Proposition 3.7. Since [F (n) , F (4−n) ] ⊂ F (4) for n ∈ {1, 2}, a direct calculation shows that
mod F (4) .
By Proposition 3.6, we obtain the claim. 
by Corollary 3.8, and hence (2, 113, 593) is also a triple of (proper) Borromean primes modulo 2 in the sense of [34, 50] .
Example 3.10. For S = {ℓ 1 , ℓ 2 , ∞} with ℓ 1 = 337 and ℓ 2 = 593, one can see that lk(ℓ a , ℓ b ) ≡ 0 (mod 4) and µ 2 (abi) = 0 for any 0 ≤ a, b, i ≤ 2 by Proposition 3.6 and PARI/GP [40] . Then
by Corollary 3.8.
Mild pro-p groups.
A finitely presented pro-p group G is said to be 'mild' (with respect to the Zassenhaus filtration) when G has a presentation F/R ≃ G with a system of relations which make a 'strongly free sequence' in the graded Lie algebra gr F = n≥1 F (n) /F (n+1) (cf. [22] ). Labute [22] gave the first example of mild G S (Q), in particular having the cohomological dimension cd(G S (Q)) = 2, by showing that G S (Q) is mild if S is a 'circular set'. Such criteria for mildness have been reformulated as a 'cup-product criterion' (cf. [45, Theorem 5.5] and [6, 9, 23] ), which induces the existence of mild G S (k) in various situations (cf. [2] ). We also obtain the following supplemental criterion for the mildness of G S (Q).
and d = |S * | > 1 is odd, where q ≡ 3 (mod 4) and q, ∞ ∈ S * . Put ℓ 0 = p. Assume that {p}∪S * is a 'circular set', i.e., there is a bijection σ : Z/(d+1)Z → {0, 1, · · · , d} satisfying the following conditions:
Then G S (Q) is a mild pro-p group (with respect to the Zassenhaus filtration) of deficiency zero. In particular, the cohomological dimension cd( G S (Q)) = 2, the EulerPoincaré characteristic χ( G S (Q)) = 1, and G S (Q) is not p-adic analytic.
(cf. e.g. [9, Cup-product criterion]), where U ∪ V (resp. V ∪ V ) denotes the image of U ⊗ V (resp. V ⊗ V ) by the cup product
be the minimal presentation of G S (Q) obtained in Theorem 3.1. Put
with y i written in the form
For each r ∈ R, the trace map
is defined as an element of the dual space H 2 ( G S (Q)) ∨ , where tg :
For i ≥ 0 and a multi-index I = (i 1 i 2 ) with 0 ≤ i 1 , i 2 ≤ d, we have 
If i 1 and i 2 are even, we have tr
and put
. . .
,σ(i) = 0 by the assumption. The linearity of trace maps tr r σ(i) yields that the elements
) and the deficiency d S − r S = 0. By the cup-product criterion, G S (Q) is a mild pro-p group. The latter statement also holds as the basic properties of a mild pro-p group (cf. e.g. ℓ 2 , ℓ 3 , q) = (7, 17, 5, 3) . Then the assumption of Theorem 3.11 is satisfied for σ such that σ(i) ≡ i (mod 4) for all i, and hence G S (Q) is a mild pro-2 group.
Alexander invariants in Iwasawa theory
4.1 Iwasawa polynomial. Suppose that Λ is a noetherian unique-factorization domain. Any finitely generated Λ-module X has a finite presentation
Independently on the choice of such presentation, the ith elementary ideal (ith Fitting ideal) E i (X) is defined as an ideal of Λ generated by
The 'divisorial hull' E of an ideal E is defined as the intersection of all principal ideals containing E (cf. [13] ). Since Λ is a unique factorization domain, E is a principal ideal generated by the greatest common divisor of generators of
for the annihilator ideal Ann(X) of X (cf. e.g. [25 , Appendix]), we have E 0 (X) = {0} (i.e., E 0 (X) = {0}) if and only if X is not Λ-torsion.
In the following, Λ denotes the ring Z p [[T ]] of formal power series in a variable T with coefficients in Z p . For simplicity and convenience, we assume that k ∩ Q cyc = Q and k cyc /k is totally ramified at any v ∈ P . Let γ be the element of Gal(k(µ p ∞ )/k) such that γ(ζ) = ζ κ for any ζ ∈ µ p ∞ , where κ = 1 + p or κ = 5 according to p = 2 or p = 2. Then γ| k cyc is a generator of Gal(k cyc /k), and there is γ ∈ Gal((k cyc ) S /k S ) such that γ| k cyc = γ| k cyc . Recall that S ∩ P = ∅. Let K/k be a finite subextension of k S /k. Then K ∩ k cyc = k, and K cyc /K is also totally ramified at any primes lying over p.
is the complete group ring. Then X is a finitely generated Λ-torsion Λ-module, and called 'Iwasawa module'. The 'Iwasawa polynomial'
of X is defined as the generator of the divisorial hull E 0 (X) = ∆(T )Λ of E 0 (X) (cf. Remark 4.1 below) with 0 ≤ µ ∈ Z and monic P (T ) ≡ T λ (mod p), where λ = deg P (T ). As in the case of Σ = ∅, there exists ν ∈ Z satisfying Iwasawa's class number formula |G Σ (K n ) ab | = p λn+µp n +ν for all sufficiently large n (cf. e.g. [51] ), where K n is the fixed field of Γ p n . Since no prime ideals split completely in K cyc /K, the theorem of Ferrero-Washington [5] implies that µ = 0 if K/Q is an abelian extension. If Σ = ∅ and K is an imaginary quadratic field corresponding to an odd quadratic character χ which is not the p-adic Teichimüller character ω, and if the discriminant of K is not divisible by 8 when p = 2, then the theorem of Mazur-Wiles [25] ('Iwasawa main conjecture', cf. [12] ) yields the equality
is the KubotaLeopoldt p-adic L-function for ωχ = 1. The construction of f χ (T ) via Stickelberger elements induces an algorithm of approximate computation of ∆(T ).
Remark 4.1. Suppose that there is a Λ-homomorphism f : X → Y of finitely generated Λ-modules with finite cokernel. Then (p n , T n ) ⊂ E 0 (Cokerf ) for sufficiently large n. By the basic properties of Fitting ideals (cf. e.g. [25, Appendix] ), we have
and hence E 0 (X) ⊂ E 0 (Y ). Moreover if Kerf is also finite (i.e., f is a pseudoisomorphism), there is a pseudo-isomorphism g : Y → X, and hence
i with some prime ideals ℘ i of height 1, we have
Assume that the meridian of K i is not contained in Ker σ for any i. Let M n be the p n -fold cyclic branched covering of M such that the complement of the preimage of
If M n is a rational homology 3-sphere for all n, there exists ν σ ∈ Z satisfying Iwasawa type formula |H 1 (M n , Z p )| = p λσn+µσp n +νσ for all sufficiently large n (cf. [14, 17, 32, 49] etc.). If L = K 1 ⊔K 2 is a 2-component link in the 3-sphere M = S 3 , it holds that µ σ = 0 and P σ (T ) = T if and only if lk(K 1 , K 2 ) ≡ 0 (mod p) (cf. [18, Theorem 3.2] ) as an analogue of Gold's theorem [10] (Theorem 4.2 below). Based on the analogy between G ∅ (k) and π 1 (X), we obtain another proof of Gold's theorem as follows, where we put K = k and Σ = ∅. Theorem 4.2 (cf. [10] , also [44] and Remark 3.3). Assume that p = 2 and k is an imaginary quadratic field with class number h k ≡ 0 (mod p), and that p splits in
with a free pro-p group F = x 1 , x 2 and the normal subgroup R which is normally generated by r 1 , r 2 of the form Alexander polynomials can be calculated from a presentation of π 1 (X) by Fox derivative (cf. [7, 34] etc.). Analogously, in some special cases, one can calculate approximation of Iwasawa polynomials by pro-p Fox derivative as in the following sections.
4.2 Iwasawa module as a subquotient. Suppose that p = 2, k = Q, S * = {ℓ 1 , · · · , ℓ d } ⊂ S with ℓ i ≡ 1 (mod 2), and Σ = S \ S * is either {∞} or {q} with q ≡ 3 (mod 4).
where ℓ * i = (−1)
be the presentation of G S (Q) obtained in Theorem 3.1. Put the closed subgroup
of F generated by such 2d + 1 elements, where we ignore
Hence H is contained in the kernel of the surjective homomorphism
and
Then the maximal subgroup H of F is a free pro-2 group freely generated by the 2d+1 elements (cf. e.g. [35, Corollary (3.9.6)]), and
Hence π also induces a presentation
Then N is also a normal subgroup of F , and hence a presentation
Recall that R is generated by r 0 , r 1 , · · · , r d as a normal subgroup of F , and put
is normally generated by such 2d + 2 elements in H. Put F = F/N, and put g = gN ∈ F for any g ∈ F . The universality of the free pro-2 group implies that
is a free pro-2 group of rank d + 1, where
of G Σ (K) and an exact sequence
01 , M is a free pro-2-Γ operator group of rank d, and
M is a normal subgroup of F , and ̟ induces the isomorphism
In particular, we have R ⊂ F 2 ⊂ M . By defining the action of τ on M /M 2 as
]-modules, particularly as Λ-modules. Since
this isomorphism induces a presentation
ab , which implies that the Iwasawa polynomial is computable in principle from the presentation of G S (Q). We obtain the following theorem concerning an approximate computation of the initial Fitting ideal. Suppose that
with some ρ i,n ∈ H for each 0 ≤ i ≤ d and n ≥ 3, where
Then the ideal E 0 (X) + (2, T ) n−1−ε of Λ is generated by 
for n ≥ 3. In particular, we have
where we put R (n) = ρ 0,n , x Let L be the fixed field of (2, T )X. Then L/K cyc is the maximal elementary abelian 2-extension unramified outside Σ which is abelian over K. Since
as Z 2 [[Gal(K cyc )/Q]]-modules by (4.2), we have
Let L ′ be the inertia field in L/K of the unique prime of K lying over 2. Since L/L ′ and K cyc /K are totally ramified, we have L = L ′ K cyc and L ′ ∩ K cyc = K. Hence L ′ is an elementary abelian 2-extension of K unramified outside Σ. Since G Σ (Q) ab ≃ {1}, 1 + τ annihilates the Sylow 2-subgroup of the ray class group of K modulo v ∈ Σ, i.e., τ | K ∈ Gal(K/Q) acts as inverse on G Σ (K)
ab . The trivial action of Gal(K/Q) on G Σ (K) ab /2 implies that the maximal elementary abelian 2-extension of K unramified outside Σ is an abelian extension over Q. Therefore L = L ′ Q cyc is abelian over Q, i.e., Then we obtain the following theorems. = −1 by Propositions 3.6 and 3.7, we have ∆ j (T ) ≡ T 2 (mod (4, 2T ) + (2, T ) 3 ), and hence
by (4.6), (4.7) and Theorem 4.3. Since
one can see that (2, T 2 ) = E 0 (X) + (2, T ) n for any n ≥ 3 by induction, and hence E 0 (X) = (2, T 2 ). Since X/T X ≃ G {∞} (K) ab is cyclic, X is a cyclic Λ-module, and hence X = G {∞} (K cyc ) ab ≃ Λ/E 0 (X) = Λ/(2, T 2 ).
In particular, the commutator subgroup of G {∞} (K) is G ∅ (K cyc ( √ −ℓ 1 )), and G {∞} (K cyc )
ab is an abelian group of type [2, 2] . Since
(cf. [4, 19] ), the maximal subgroup G ∅ (K cyc ( √ −ℓ 1 )) of G {∞} (K cyc ) has infinite abelian quotient. Therefore G {∞} (K cyc ) is a prodihedral pro-2 group. Then
